











































































































MATH 2050C Lecture 18 Mar 22

Midterm graded and returned via email

Statistics mean 55 4 SD 10.7 Highest 70

Recall f A IR CE IR cluster pt of A

V E O I 870 St

lim fix L 2 7 I fCx Llc E
x c

when X EA OC X c l c S

Sequential Criteria Divergence criteria
Limit theorems

Sandwich 1Squeeze Them

312
Example 1 lim X O

x 20

Proof f A f X E IR I o IR fix a X

and O is a cluster pt
Y Observe that
N z

1 X E X E X
Ye ex ex

Y X for all E CO I

µ
f

y
Since I g x o g x

s x by squeeze thinO 1
lim X O
X 20 D



Example 2 lim X SinLx o

x 70

Recall him sin does NII existX 20

Proof f A f XGRI X to B fCx x sink
y y 1 1

ftp m

y 1 1

Observe that since Isink I E I

1 1 E X SinLx E IX I V X E R X to

Notice that lim 1 1 0 lim 1 1 by
X 20 X 20

Sandwich theorem

fusion xsink O

D



Recall Suppose lim xn L 20 Then

7 KEIN SE Xn o t n 3K

Prop Suppose him fix L 0 Then I 8 o St
Xtc

f X o when X C A o C IX Ct CS

Roof Take Lz 0 by E S def I 8 8 Lz

St Ifcx L I s Iz t x c A o Ctx Cl CS

fix 3 L I Lz O tx GA 04 4 CS

y fcx
O L L E

4g

Canal 0
C S

D

Remark The above prop does NII hold if L 30



Recap R slim xn s fzfcx continuity

ChZ Ch 3 ch 4 Ch 5

Continuity of functions

what does continuity mean

A f is cts at c f A A

fax E f c when X IS a

Note CEA so that f c is defined

Picture

yet Cx
o

0.20

rn i
e i

f I i
g

C C C

Cts9 A q
here discts

here



Def'd E 8 deft for continuity

Given f A R and C E A we say that
Cts

f is continuous at c if

U E so I 8 8 E o sit

Whenever X E A
I f ex f C L E

and Ix c is S

Renick Compare to the E S def I of 4 fad

1 The limit L is replaced by Fcc

So C E A And FCC matters

2 We dont have to write o s Ix C l C 8

fix f c C E always hold at
X C

3 C c A may or may not be
a cluster pt here

For the last point 3 let's us take a closer look



interesting case

Case 1 CEA is a cluster pt of A

f is Is at him f ex fCc
C C A

X 2 C

so continuity at c means

You can evaluate the limit

at C by substitution

Case CEA is NII a cluster pt of A

THEN ANI f is cts at C C A

Why I 8 go at A h C 8 Ct S fo

then the E 8 deft is always satisfied

A

TO
hit a clusterpt
b

o C
T r g

A



Def't n f A B is cts on a subset BEA

if f is cts at EVERY C E B

In particular if B A then we just say that

f A SR is cts everywhere

Examples of continuous functions

f X b constant functions

fCX X or X

FIX polynomial in X

fCX sin or cos or tan X

fix ex r TX

Examples of dis continuous functions

Example 1 The sign function y
n y fc

f A _IR IR o

1 if X 20
s x

fcxj.se 0 if X o o

1 if X co o



Show that F is NII Cts at c O

Proof Note that C O is a cluster pt of A IR

Check if fCx f o o

Cian 8 fix does NOT exist

Consider a seq Xu o

but fan C 1
n is divergent

doesNOT
By Divergence Criterion then hjmf
exist

D

Remark It doesnt matter what is the value of f o

in this example But sometimes it does matter

or a 9 4 7
Y SIX fcc q

bfCc i

i I discts at c
cts at c l f

i f s
j s C



In the above example the function is cts

everywhere except at one point C O where

the function jump

Example 2 The function f A D 1B

f Cx f
1 if c Q

o if QQ

is dis continuous EVERYWHERE

y
Picture n

a n a n a i

The function is jumping
between L and O ereywhere

e e ee a y

in is a

rationals

irrational hankers

Proof Key and Ri Qi are both dense in R

Pick an arbitrary CGR By density of Q

CR l we can always construct sequences



Xu of rational number t c ee himCkn C

Yu of irrational number C se links C

THEN

fans I 1 by seq Criteria

fCbu o 0 himfax does Not
x c exist

D


